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SUMMARY 
Significant wheel-rail dynamic forces occur because of imperfections in the wheels and/or rail.
key responses to the transmission of these forces down through the track is 
Dynamic analysis of nonlinear systems is very complicated and 
solution of multiple equations. Trying to deduce the behaviour of track components from experimental data 
is very difficult because such data is hard to 
being tested. The finite element method can be the best solution to this dilemma.
finite element model using the software package ANSYS for various sized flat defects in the tread of a w
rolling at a typical speed on heavy haul track. 
concrete sleeper to these defects. 
1. INTRODUCTION 
In the past several years, many theoretical models 
have been developed for dynamic analyses of 
railway tracks in which the support of 
have usually been assumed to be classically lin
elastic [3][11]. Some finite element (FE) 
were developed for track structure static analyses 
[1][2][4][5] and even a few FE models
applied to track dynamic analysis under wheel flat 
impact [10][17][18]; those models also assumed 
the support of sleeper to be 
Unfortunately no nonlinear three dimensional
model has been reported for sleeper analysis 
under impact from a wheel defect.
describes a finite element model using the 
software package ANSYS for various sized flat 
defects in the tread of a wheel rolling at 
a heavy haul track. It explores the dynamic 
response of a prestressed concrete sleeper to 
these defects. The model has been validated by 
simulation package called “DTrack
been validated in a Manchester benchmark
exercise [7]. The main objectives of the FE study 
in this paper were to observe the response of the 
track under dynamic forces and t
responses of a sleeper to those forces.
also describes how the model can be used for 
more wide ranging investigations in further 
research. 
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2. NOTATION 
Fs      force on sleeper 
Kp    single stiffness of rail pad
Cp    single damping coefficient of rail pad
Kb    single stiffness of railroad bed
Cb    single damping coefficient of railroad bed
ur    displacement of rail 
us    displacement of sleeper
Kcp   combined stiffness of railroad bed
Kcb   combined damping coefficient of railroad bed
Ccp   combined stiffness of railroad bed
Ccb   combined damping coefficient of railroad bed
N1p   number of elements of rail pad in XY 
direction 
N2p   number of elements of rail pad in Z direction
N1b  number of elements of railroad bed in XY
direction 
N2b   number of elements of railroad bed 
σij     the stress of ij-th element on XY plane
E    Young’s modulus 
Aij     area of ij-th element on XY plane
Zk   vertical coordinate of the centroid of k
element 
uij       deformation of ij-th element on XY plane
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3. MATHEMATICAL PRINCIPLES APPLYING 
As an example of existing FE models, Dong et.al 
[16] developed a model based on the principle of 
BOEF (“beam on elastic foundation”) which is 
presented in figure 1. However, that model was 
only a 2-dimensional analysis and it treated the 
sleeper as a rigid body between the elastic pad 
and railroad bed. The theoretical expression of the 
force on a sleeper in this model is presented in 
equation (1).  
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(1) 
In equation (1), Fs is the force on sleeper; Kp, Cp 
are the single stiffness and damping coefficients of 
rail pad respectively; Kb, Cb are the single stiffness 
and damping coefficients of railroad bed 
respectively; ur and us are the displacements of 
rail and sleeper respectively. 
 
 
Figure 1 Principle of track structure simulation [16]
 
The FE model described in this paper, however, is 
a 3-dimensional analysis, and the sleeper is a 
transverse and deformable beam which 
perpendicular to the rail. The rail pad and railroad 
bed are 3D elastic supports. Each component 
contains multiple elements. The entire stiffness of 
rail pad and the railroad bed is expressed in 
equations (2) and (3), and the damping 
coefficients are expressed as equation (4) and (5). 
  /           (2) 
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where Kcp and Kcb are the combined stiffness of 
rail pad and railroad bed; N1p and N1b are the 
number of elements in the rail pad and bed 
respectively in the XY plane; Ccp and Ccb are the 
combined damping coefficients of rail pad and 
railroad bed; N2p and N2b are the number of 
elements of them in the Z direction. The axis X is 
the direction of travel; Y axis is perpendicular to 
the plane of the paper, and Z axis is the vertical 
direction. With the stiffness, the stress on each 
element can be expressed by expression (6): 
 


                  (6) 
Where σij is the stress of ij-th element in the XY 
directions; E is the Young’s modulus of the 
material, uij is the area and deformation of ij-th 
element in XY directions; and l is the size of 
element. Therefore, the total sleeper force would 
be expressed by equation (7). 
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Where σpij and σbij are the pad and railroad bed 
induced stresses in ij-the element on the top and 
bottom of the sleeper respectively; Apij and Abij are 
the area of ij-th element on the top and bottom of 
the sleeper respectively. Because of the force on 
the sleeper, bending moments occur throughout 
the sleeper. The bending moment in this FE model 
is calculated from the stress on each element as 
shown in equation (8). 
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Where σjk is the stress of ij-th element in cross 
section; Ajk is the area of ij-th element in cross 
section; zk is the vertical coordinate of the centroid 
of the k-th element, and dn is the neutral axle 
position of the cross section.  
 
4. FINITE ELEMENT MODEL 
Because the wheel-rail dynamic interaction is a 
complicated problem and the components of the 
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wheel-rail system have complicated shapes,
analysis focuses only on the dynamic impact force
on a sleeper based on simplified model
wheel, sleeper and ballast.  
 
The complete model of the wheel-track system for 
this case includes a wheel, rail, three rail pads 
three sleepers and ballast layer. All component 
models were created in Design Modeller of 
ANSYS Workbench. This system simulates 
typical 28 tonne axle load heavy haul
particular the model represented train and track 
characteristics reported in [7], where
speed was 72km/h, track gauge 1067mm, and 
685mm for the sleeper spacing. The rail was AS60 
rail, the pads were HDPE with properties
described in [15], and the sleepers were narrow 
gauge heavy duty concrete sleepers. 
 
The wheel in the FE model is a simple disk 
the radius and thickness the same as that 
in [7]. The rail in the model was
extruding the AS60 rail cross section
distance; the three sleepers in the model
created by extruding the rail seat cross section of 
a heavy duty concrete sleeper; dimensions can be 
found in [7]. Because the model is axial symmetric, 
only a half of the entire track structure
of the track centreline was considered.
 
The material of wheel and rail was typical of the
high strength steels used today; the sleepers were 
defined as 50MPa concrete, the ballast was 
defined using ballast properties found in [9]. The 
finished model is shown in figure 2. 
 
Figure 2: Wheel/Rail structure of 
model 
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FE simulation 
To analyse the impact force caused by wheel
interaction under a wheel flat situation, a flat 
surface with 50mm length was 
wheel and its location is presented in figure 3
such that it would strike the rail directly above a 
sleeper for maximum effect on the sleeper.
 
Figure 3: Location of wheel flat surface
 
5. FE MODEL VALIDATION
To validate the simulation, 
perfect round wheel was chosen
force for this base case with respect to time is 
shown in figure 4 – the variation of the force with 
time is due to the wheel rolling
between sleepers as well as
and, to a lesser extent, of the 
mean value of the trace is the 
[12].  
 
To check the outputs of the FE model, 
comparisons are made against a proven track 
dynamic analysis program kno
DTrack was validated through an international 
benchmarking exercise against six widely used 
models, such as NUCARS
measured track data [9]. 
 
The wheel-rail force from the FE model shown in 
figure 4 is reproduced in figure 5 but
additional (dotted) line representing the output 
from the DTrack model for the short section of 
track simulated in the FE model.
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Figure 4: Simulation result of wheel/rail contact force by FE model 
 
 
Figure 5: Comparison to the simulation result of wheel/rail contact force by DTrack (dotted) 
 
 
Figure 4 shows that, at beginning the force 
increased from zero and varies strongly, because 
the ANSYS dynamic simulation requires the model 
to commence with zero wheel load and zero speed 
but then it applies the specified load and speed 
immediately afterwards – as a result the first 0.001 
seconds in figure 5 are in transition. The DTrack 
model’s simulation in figure 5 commenced before 
zero time in the figure and so no such transition is 
shown for its trace. The FE trace in figure 5 
suggests a high frequency vibration of the wheel 
on the rail of about 7kHz. This frequency is much 
higher than measured with normal track 
instrumentation or modelled in dynamic packages 
such as DTrack. Although the vibration diminishes 
a little with time in figure 5, it doesn’t disappear 
which suggests that it’s a vibration which may not 
have been considered or detected otherwise.  
 
Nevertheless, there is good correspondence 
between the trace of the DTrack output in figure 5 
and the moving mean of the FE model’s trace.  
 
6. RESULTS DISCUSSION 
This section investigates the relationship between 
impact force on top of the sleeper and wheel flat 
size. The impact force on a sleeper is transferred 
from the wheel/rail contact patch through the rail 
and rail pad and into the rail seat of the sleeper. 
The induced impact forces on the sleeper from the 
FE model are presented in figure 6. The solid line, 
dotted line, dashed line and dot-dashed line which 
represent the peaks from left to right are the 
impact forces induced by 30mm, 40mm, 50mm 
and 60mm wheel flat sizes respectively. 
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Figure 6 Induced incremental impact forces on sleeper corresponding to wheel/rail impacts 
 
The relationship of sleeper force vs. wheel flat size 
is shown in figure 7 and is shown to be non-linear 
and monotonically increasing. However, the 
curvature of the line between 30mm and 60mm is 
not large and so a straight line fit is reasonable to 
simplify use of the relationship in track design. The 
specific form of this relationship will of course 
change depending on rail, pad, sleeper and ballast 
characteristics of a given track. 
  
Figure 7 Relationship between sleeper 
incremental impact force at the rail seat and 
wheel flat sizes 
 
Railway sleeper design is based on the bending 
moment that is induced by the forces applied to 
the sleeper by the pad and ballast. One of the two 
critical bending moments occurs at the rail seat – 
the other is at the centre of the sleeper. In the FE 
model, the sleeper bending moment at the rail seat 
was calculated using equation (8). The values of 
stresses in the cross section at the rail seat are 
shown in figure 8. The elements in the area above 
the neutral axle are in compression, the stress 
values are negative, the neutral line locates as 
shown in the figure; and the elements in the area 
below the neutral line are in tension, the stress 
values are positive. Substitution of all the relevant 
values from the model into equation (8) gives the 
value of bending moment in the sleeper at the rail 
seat due to the impact force from a given wheel 
flat. 
 
The calculated values of bending moments for 
different wheel flat sizes are listed in table 1 – note 
that these are moments due to the incremental 
impact force, not including the static force from the 
wheel. The relationships between wheel/rail 
impact force and sleeper impact force and sleeper 
impact bending moment are shown in figure 9 and 
10. 
  
 
Figure 8 The stress distribution in cross 
section at rail seat 
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Table 1 Incremental impact forces and sleeper bending moments induced by various wheel flat sizes 
 
Wheel flat size, mm Wheel/rail incremental impact 
force, kN  
Incremental impact 
force on sleeper, kN 
Bending moment 
from incremental 
impact force, kNm 
30 
151 110.5 10.95 
40 
240.3 162.2 16.07 
50 
296.7 230.5 22.84 
60 
396.3 307 30.42 
 
  
Figure 9 Relationship between wheel/rail 
incremental impact force and impact force on a 
sleeper at the rail seat 
 
Figure 10 Relationship between incremental 
wheel/rail impact force and sleeper bending 
moment due to that force 
 
According to figure 9 and 10, the relationships are 
nonlinear, which is different from the linear 
relationship traditionally assumed. In both graphs, 
the interval from 245kN to 300kN of the wheel/rail 
incremental dynamic force has the sleeper impact 
force and impact bending moment growing faster 
than elsewhere. Such non-linearity would be due 
not only to the inclusion of non-linear properties for 
the materials in the track model, but also to 
dynamic interaction of track components vibrating 
at their own different natural resonant frequencies, 
sometimes augmenting each other, sometimes 
tending to cancel each other.  
6. LIMITATIONS OF FE MODEL 
This model has obvious simplifications in some 
aspects: for example, it was created for analysing 
only the vertical loading is of the track structure; 
the results reported in this paper apply to only one 
combination of wheel and track characteristics; 
conicity of the wheel has not been included; 
friction of ballast against the sides of the sleepers 
was not considered nor were contributions from 
fasteners to the rail-sleeper interface. Further 
development of the model is planned to include 
many of these parameters. 
 
7. CONCLUSION 
A 3-dimensional finite element model for railway 
track sleeper analysis under impact forces from 
wheel flats has been created, and several 
analyses from the model have been presented.  
 
Through the FE model the relationship of sleeper 
impact force vs. wheel flat size was found to be 
non-linear and monotonically increasing; as were 
the relationships between the wheel/rail impact 
force and the impact force on and bending 
moment in a sleeper. A primary reason for this is 
the adoption of realistic non-linear properties for 
certain track materials in the model. These non-
linear relationships mean that the impact force on 
sleeper cannot be simply predicted by a linear 
function in traditional design method and the 
design load and bending moment of impact on 
sleeper must be categorised by the wheel/rail 
incremental impact force values. The model also 
suggested that a very high frequency wheel-rail 
interaction may be taking place that has not been 
identified previously. The model is presently 
limited to vertical loading analysis of track 
structure. It needs improvements for other 
analyses in specific components. 
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